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Abstract 

The p-adic local Langlands correspondence for GL2(Qp) attaches to any 2-dimensional irre- 
ducible p-adic representation V of Gqj, an admissible unitary representation 11(1/) of GL2(Qp). 
The unitary principal series of GL2(Qp) are those n(V') corresponding to trianguline representa- 
tions. In this article, for p > 2, using the machinery of Colmez, we determine the space of locally 
analytic vectors n(V^)an for all non-exceptional unitary principal series n(T/) of GL2(Qp) by proving 
a conjecture of Emerton. 
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1 Introduction 



Let be a finite extension of Qp. The aim of the p-adic local Langlands programme initiated by 
Breuil is to look for a "natural" correspondence between certain n-dimensional p-adic representations 
of Gal{Qp/F) and certain Banach space representations of GL„(F). Thanks to much recent work, 
especially that of Colmez and Paskiinas, we have gained a fairly clear picture in the case F = <Qp 
and n = 2 which is the so-called p-adic local Langlands correspondence for GL2(Qp) establishing 
a functorial bijection between 2-dimensional irreducible p-adic representations of Gal(Qp/Qp) and 
non-ordinary irreducible admissible unitary representations of GL2(Qp). 

Although the present version of p-adic local Langlands correspondence is formulated at the level 
of Banach space representations, it is very useful, as in Breuil's initial work [3], to have information 
of the subspace of locally analytic vectors. Fix a finite extension L of Qp as the coefficient field, 
and we denote by n(y) the corresponding unitary representation of GL2(Qp) for any 2-dimensional 
irreducible L-linear representation V of Gal{Qp/Qp). The unitary principal series o/GL2(Qp), which 
are the simplest ones among these n(y), are those corresponding to trianguline representations. In 
|13| . Emerton made a conjectural description of the subspace of locally analytic vectors n(y)an for all 
unitary principal series n(y). We recall his conjecture below. 

Let SSi„ be the parameterizing space of 2-dimensional irreducible trianguline representations of 
Gal(Qp/Qp) introduced by Colmez in [7]. For any s £ S5irr, let V{s) be the corresponding trianguline 
representation. We may write s = {61, 82,^) so that the etale (99, r)-module Drig(y(s)) is isomorphic 
to the extension of ^^{62) by S?{5i) defined by For any such s, if 6162^ = x'^lx] for some k € 

2 — k 

then we set S(s) to be the locally analytic GL2(Qp)-representation -|- 1,^) ® {{62\x\~2~') o det) 
where {S(A: -|- 1,^)} is the family of locally analytic GL2(Qp)-representations introduced by Breuil in 
[1]. Otherwise, we define S(s) to be the locally analytic principal series ^Indg^*-^''^(52 (8> (5i(a;|x|)~"^y . 
The conjecture of Emerton is: 

Conjecture 1.1. (|23 Conjecture 6.7.3, 6.7.7J) For any s £ SSi^r, n(y(s))an sits in an exact sequence 
n{Vis)U (ind^l^'^'^ki 52(x|x|)-i)^^ 0. (1.1) 
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In the special cases when V{s) are twists of crystabelian representations and non- exceptional, 
there is a more precise conjectm'al description of n(y(s))an due to Breuil. In [16], the first author 
proved Breuil's conjecture. The main result of this paper is: 

Theorem 1.2. (Theorem \6.13\i For p > 2, Conjecture \l.l\ is true ifV{s) is non-exceptional. 

In fact, one can easily deduce Breuil's conjecture from Emerton's conjecture. Thus for p > 2, the 
above theorem covers the aforementioned result of the first author. 

We now explain the strategy of the proof of Theorem 11.21 The whole proof builds on Colmez's 
machinery of p-adic local Langlands correspondence for GL2(Qp) developed in [TT|. The key ingredient 
is Colmez's identification of the locally analytic vectors: 



D 



ng 



(1.2) 



where D = D{V) is Fontaine's etale ((/9, r)-module associated to V. To apply this formula, for any 
continuous characters 5,ri : Qp — > , we construct the objects ^{rj) and M'^irfj 

which are equipped with continuous GL2(Qp)-actions, and the latter is topologically isomorphic to 
((ind^^^ 



^ KJ T] Q<) f] " j )*. In doing so, we are led to modify some of Colmez's constructions to 
twists of etale {ip, r)-modules and rank 1 (ip, r)-modules. On the other hand, Colmez [10] (for p > 2 
and s € ]\ SSf; this is the only place where we need p > 2) and Berger-Breuil [3] (for s € SSi^^ 
non-exceptional) establish an explicit isomorphism £/s : Il{V{s)) = n(s) (for s exceptional, Paskunas 
proves n(F(s)) = n(s) by an indirect method [IT]) where n(s) is the unitary principal series associated 
to V{s). We deduce from the explicit description of £/s plus a duality argument the following exact 
sequence 



— > ^{6i) MP^ — > Drig(F(s)) M pi 



Then the natural inclusion ^nd^^,^^^^^ 82 5i{x\x\) ^ 
tive diagram 

(n(s)an)* 



-> =^(<52) K P^ ^ 0. (1.3) 
n(s)an induces the following commuta- 



{[lnd^'^^fh2 6^{x\x\r^ 



(1.4) 



Pi 



where s = {62,61,.^) corresponds to the Tate dual of V{s). Using (II. 4p together with the fact that 
Z'Jjg(s) Kl P^ and D^ig{s) Kl P^ are orthogonal complements of each other under the paring 

{•, - jpi : Drig(1/(s)) mP^ X Drig(T/(s)) MP^ ^ L, 



:i.5) 



and that (jl.3p is dual to 

— > ^{62) K P^ — > Drig(y(s)) MP^ — > ^{5i) K P^ ^ 0, 
we deduce that if 7^ x^\x\ for any k E Z+, then D^^^{s) sits in the exact sequence 

^+(^2) K P^ ^ ^rig(s) ^ ^ ^+(^1) K P^ ^ 0. 



(1.6) 
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We therefore conclude (jl.ip by taking the dual of (jl.6p . If 6162^ = x'^jxl for some k G we have 
that the image of D^^g{s) in ^{61) Kl is a closed subspace of M~^{6i) M of codimension k and 
^{62) MP^ n -D5jg(s) M contains ^+((52) Kl P-^ as a closed subspace of codimension k. We then 
conclude (jl.ip using Schneider and Teitelbaum's results on the Jordan-Holder series of locally analytic 
principal series of GL2(Qp). 

The organization of the paper is as follows. In §2, we recall some necessary background of the 
theory of (ip, r)-modules. In §3, we recall some of Colmez's constructions of the p-adic local Langlands 
correspondence for GL2(Qp) especially his identification of the locally analytic vectors, and we make 
the aforementioned modification. We review the isomorphism '■ n(y(s)) = n(s) in §4. In §5.1, 
we recall Schneider and Teitelbaum's results on Jordan-Holder series of the locally analytic principal 
series of GL2(Qp). We prove that ^+(r/) Ms P^ is isomorphic to ((^IndgJj^^^^J-^r/ (g) r^-^j )* in §5.2. 
Section 6 is devoted to the proof of Theorem 11.21 We first recall the definition of S(s) and restate 
Emerton's conjecture in §6.1. Then we prove the exact sequence (II. 3|) in §6.2. We finish the proof of 
Theorem 11.21 in §6.3. 

After the work presented in this paper was finished, we learned from Colmez that he had a proof 
of Conjecture 11.11 for all p and all trianguline representations of Gq^. The strategy of his proof 

is different from ours. He constructs the map n(s)an (li^dg^*'^*'^(5i (8> 52(2;|a;|)~^^ directly by 
computing module de Jacquet dual of n(s)an- We refer the reader to his paper [12] for more details. 



Notation and conventions 

Let p be a prime number, and let Vp denote the p-adic valuation on Qp, normalized by Vp{p) = 1; 
the corresponding norm is denoted by | ■ |. Let Gq^ denote Gal(Qj,/Qj,) for simplicity. Let x '■ 
— )• Zp be the p-adic cyclotomic character. The kernel of x is = Gal(Qp/Qp(/ipoo)), and let 
r = Gal(Qp(/ip=o)/Qp). For any a € , let aa be the unique element in F such that x(c'a) = a. For 
any positive integer h, let = + P^'^p)- If we regard % as a character of Qp via the local 

Artin map, then it is equal to e{x) = x\x\. Throughout this paper, we fix a finite extension L of Qp. 
We denote by Ol the ring of integers of L, and by kL the residue field. Let be the set of all 

continuous characters S : Gq^ — > . For any 5 G -^{L), the Hodge- Tate weight w{S) of S is defined 
by w{6) = ^°Qg^^^ where u is any element of Qp \ Upoo. For any L-linear representation V of Gq^, we 

denote by V the Tate dual V*{e) of V. For any ^ e L, let log^ : — )■ L be the homomorphism 

+00 , 

defined by logj^{p)=l and log^(a;) = — Yl — when |x — 1| < 1. We put log^^ = Vp. Hence log_5^ 

n=l " 

is defined for ah ^ G P^^)- 

Let B be the subgroup of upper triangular matrices of GL2, let P = [* *] be the mirabolic subgroup 
of GL2, let T be the subgroup of diagonal matrices of GL2, and let Z be the center of GL2. Put 
w = [^g]. Let Reptoi.sGL2(Qp) be the category of smooth Oi;,[GL2(Qp)]-modules which are of finite 
lengths and admit central characters. Let Rep0^GL2(Qp) be the category of C'2,[GL2(Qp)]-modules H 
which are separated and complete for the p-adic topology, p-torsion free, and H/p^H G Reptoj,gGL2(Qp) 
for any n G N. 
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2 Preliminaries on {(f^ r)-modules 
2.1 Dictionary of p-adic functional analysis 

Let Og be the ring of Laurent series / = X^jg^ o-iT"^-, where Oj € Ol, such that Vp{ai) — >■ c» as i — ;> — oo. 
Let (f = Os-[l/p] be the fraction field of Og. 

For any r G M+ U {+oo}, let be the ring of Laurent series / = X^iez*^*^*' with aj S L, such 

that / is convergent on the annulus < Vp{T) < r. For any < s < r < +oo, we define the valuation 
v^'^ on (flO'^l by 

v^'\f) = ■uii{vp{a,) + is} if s / oo; v^'^Hf) = VpifiO)). 

We equip (fl'''^] with the Frechet topology defined by the family of valuations {i;''^''^|0 < s < r}; then 
is complete. We equip the Rohba ring M = IJr>o with the inductive limit topology. We 
denote (fl^'+'^l, the ring of analytic functions on the open unit disk, by iSS^ . 

Let be the subring of overconvergent elements of i.e. S'^ is the set oi f ^ S such that f{T) 
is convergent over some annulus < Vp{T) < r. Let = (f t n (fJO'^l We equip (ft = Ur>o 

with the inductive limit topology. We denote (f(°'°°] = C'l[[T]][1/p] by and let = Ol[[T]]. 

Let R denote any of Og+,S'~^,0£-,£',£'^,^~^ and We equip the ring R with commuting 
continuous actions of (p and F defined by 

(^(/(T)) = /((1 + Tf -1), ^(/(r)) = /((l + r)^W-l), 7GF. (2.1) 

If we view i? as a 99 (-R) -module, then R is freely generated by {(1 -|- Ty\i = 0, . . . ,p — 1}. Thus for 

p-i 

any y £ R, we may write y = X] (1 -|- TYipiy-i) for some uniquely determined yo, . . . , yp~i € R, and we 

1=0 

define the operator : R ^ Rhy setting V'(y) =2/0- It follows directly from the definition that ij: \s a, 
left inverse to 99, and that il) commutes with the F-action. For any / = Yla^z ^ define the 

residue of the 1-form uj = f ■ dT as res(a;) = a_i; and for any / G we define reso(/) = res(/ j^). 

We denote by 'r°(Zp,L) the space of continuous functions on Zp with values in L; this is an L- 
Banach space equipped with the supremum norm. Let LA(Zp,L) denote the space of locally analytic 
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functions on Zp with values in L. The classical results of Mahler and Amice assert that the set of 
functions {(^)}nGN constitutes an orthogonal basis of '^^{Zp,L), and that for / = "^n^f^ an{f){^) € 
'^"(ZpjL), / G LA(Zp,L) if and only if there exists some r > such that Vp{an{f)) — rn ^ +00 as 
n +00. 

For any n > 0, we denote by '^^{'Lp,L) the space of all "^"-functions on Zp; this an L-Banach 
space (see |5] for more details). We have LA(Zp,L) C '^"(Zp,L) C "^^{Zp^L), and that LA(Zp,L) is 
dense in 'if^{'Zp,L) for any n > 0. 

We denote by i^(Zp, L), ^u{Zp, L) the topological dual of LA(Zp, L), '^"(Zp, L) respectively. Note 
that the natural map SiuiZp^L) ^{Zp,L) is injective since LA(Zp,L) is dense in ^"(Zp,L). 
The elements of ^(Zp, L) are called distributions on Zp. A distribution /i is called of order u if 
H S ^^uiZp, L). We define the actions of 99, ip and T on i^(Zp, L) by the formulas 

/ fififi) = [ fipx)^L, [ mf,) = [ fip-'x)^t, I 

JXp JTjp JTLp J pZp J 1 

for any / G LA(Zp, L),fi e ^(Zp, L) and a € Zp . 

The Amice transformation £/ on ^(Zp, L) is defined by 

^: ^(Zp,L) ^L[[r]], ^{fi)= I (i + r)Xx) 

It is an immediate consequence of the results of Mahler and Amice that the Amice transformation 
si (/i) induces topological isomorphisms from QJ^^iTLp^ L) and ^(Zp, L) to and respectively 
which are compatible with the actions of ip, ip and V. 

We denote by LAc(Qp, L) the space of compactly supported L- valued locally analytic functions on 
Qp, and denote by ^(Qp, L) the topological dual of LAc(Qp, L). The elements of ^(Qp, L) are called 
distributions on Qp. For any /i € i^(Qp,L), let /i'^") be the distribution on Zp defined by 

/ //^^"^ = / 

for any / € LA(Zp,L). It follows that = and that any sequence of distributions 

(M^"^)n6N on Zp so that ^(^''""''^^) = uniquely determines a distribution fi on Qp. The Amice 
transformation £^{^) for /_f € !^{Qp,L) is then defined to be the sequence (i2/(/u(")))„gN- 

A distribution fi on Qp is said to be of order u if all ^("^ are of order u. The distribution fi is said 
to be globally of order u, if there is a constant Cu{fJ') such that > + Cu{l^) for all ?i G N. 

Let !^u{Qp,L) denote the space of distributions on Qp globally of order u. 

2.2 The category of {ip, r)-modules 

Keep notations as in §2.1. We define a {(p,T)-module over to be a finite free i?-module D equipped 
with commuting continuous semilinear F-actions. When R = O^, the F)-module D is called 
etale if fiD) generates D as an O^-module. When R = the {(p, F)-module D is called etale if 
it arises by base change from an etale (93, F)-module over Og. A (99, r)-module D over S"^ is called 
etale if D (8)^t ^ is etale as an (99, r)-module over A (tp, F)-module D over M is called etale if the 
underlying 99-module is pure of slope in the sense of Kedlaya's slope theory |15] . 



17 \n 

n=0 -J^P \ 
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Example 2.1. For any 5 € ^{L), we define R{5) to be the rank 1 ((^, r)-module over R which has an 
i?-base e satisfying 

ip{e) = 5{p)e, aa{e) = 5{a)e, a e . (2.2) 

Such an element e, which is unique up to a nonzero scalar (this is because ij'^=i''"=i = L or Ol), is 
called a standard basis of R{6). 

Let y be a d-dimensional L-linear representation of Gq^, and let T be a Gq^ -invariant Oi-lattice 
of V. Let (f"'' be the p-adic completion of the maximal unramified extension of S", and let O^^ be the 
ring of integers of (o^^. The 99, L-actions on S" naturally extend to continuous actions, which we again 
denote by (p,T respectively, on S"^^. We define 

D(T) = (T off (resp. B{V) = {V ®g ^)^), 

which is a ((/9, r)-module over Og (resp. S). We define D^(y) to be the maximal finite dimensional 
(^,r-stable (ft.gubspace of D(y), and we define Drig(F) = T)^{V) (8)^t then T)\V) and Drig(F) are 
((/9, r)-modules over S'^ and respectively. 

Theorem 2.2. {Fontaine l^]/, Cherhonnier-Colmez ^er^er fl]/, 0/) D(T) (resp. D(F), Dt(y), 
Drig(V^)) «s eta/e {ip^T) -module of rank d. Furthermore, the functor T ^ L)(T) {resp. V ^ Y)iy), 
V ^ D"f(y), V I— 7- Drig(y)) is a rank preserving equivalence of categories from the category of Ol- 
linear {resp. L-linear) GQ^-representations to the category of etale {ip,T) -modules over Og {resp. 
S\ 

Let D be a ((/?, r)-module over R. If D is isomorphic to its 99-pullback, then for any y £ D, we 
may write y = X^f=o (1 + Tyip{yi) for some uniquely determined yi € D. We define i/j : D ^ D hy 
setting V'(y) = 2/0- It follows that commutes with F and satisfies 

ip{aLp{x)) = ip{a)x, '4'{ip{a)x) = ail){x) 

for any a & R, x £ D. In particular, is a left inverse to if. Set ReSpZp(y) = ^'4'{y)-, Res2x(?/) = 
(1 — ifip){y), and denote ReSpZp{D), Res^x {D) hy DM pT^p, DMZp respectively. 

For an etale ((/?, F)-module D over A trellis of D is a compact 0^+-submodule which 
^^-linearly generates D. Colmez [9] proves that the set of 'i/'-stable treillis admits a unique minimal 
element D'',and that is surjective on DK It follows from the uniqueness that is stable under the 
F-action. In the simplest case when D = Og, we have -D'' = Og+. For an etale (99, F)-module D over 

if D is the base change of an etale (99, F)-module Dq over Og, we define = Dq[1/p] which is 
independent of the choice of Dq. 

We define the (p, F-actions on the rank 1 i?-module R-^f formally by 

dT , s dT dT dT 

'^^^T+T-' " ^^^^iTr' ^^^TTt' " ^^^rf[x)Y^^ xeR. 

Then the rank 1 (99, F)-module R^f is isomorphic to R{e). For any etale (</5, F)-module D over R, 
the etale (99, F)-module D = Homi^(Z), ii^^^) is called the Tate dual of D. We define the pairing 
{■,■}: D X D ^ L hy setting {x, y} = reso{a-i{x){y)). It follows that {•, •} is perfect and satisfies 

{x,ip{y)} = {ip{x),y}. (2.3) 
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3 j9-adic local Langlands correspondence for GL2(Qp) 
3.1 Operator ws 

For an etale ((/J, r)-module D over or and a continuous character 6 : — > O^, Colmez 
constructs the involution ws D M Zp DMZp defined by 

ws{z)= hm Yl S{z-'){l + Tya^,2-^^r{{l + Tr"z). 

igZp mod p" 

Note that the right hand side of ()3.ip only involves ^l^x . Since S{Zp) C for any 6 G ^{L), 

(jS.ip is still convergent for any L) which is a twist of an etale {'■p^T) one and 5 € 3^{L). From now 
on, we suppose D is a twist of an etale (95, r)-module over or S" and 5 G -^{L), and define 
105 : D K ^ D K by dS!]). Let 1)1"^ ^^.^ denote the ((^, r)-modules over S"^,^ corresponding to 
D. 

Example 3.1. It follows by ([M]) that MZ^ d OgMZ^ is stable under ws- By [S V], one can 
describe the ly^-action on [Og+)'^^^ more explicitly. Namely, for any / G '^°(Zp,L) and z € OjKlZp , 

/ f{x)s^-\ws{z)) = [ 5{x)f{l/x)j^-\z) (3.2) 

For any abelian profinite group C, we denote by Ac the complete group algebra 

Ol[[C]] =^Ol[C/C'] 

where C goes through all open subgroups of C. If C is pro-p cyclic, and if c is a topological generator 
of C, then Ac is canonically isomorphic to the ring consisting of g{c — 1) for all g{T) S Oi[[r]], 
and we further define R{C) to be the ring consisting of g{c — 1) for all g{T) S R for any R of 
S\ O^, (o", Og, and this is independent of the choice of c. Now we choose d > 1 such that 
Yd is pro-p cyclic (in fact, we can choose d = 1 if p is odd, and d = 2 \i p = 2), then we define 
RiV) = Ar ®Ky^ R(^d) which is independent of the choice of d. The topological rings Og{r) or (F), 
t(F) and ^(F) naturally act on L> K , L>t ^ jj^.^ ^ respectively. The following Lemma 

follows from the proof of [11^ Lemme V.2.2]. 

Lemma 3.2. For any 7 G F and z e DMZjp, wsi^iz)) = S{x{'y))j~^{ws{z)). 

Let Ls '■ Ri^) ~^ -R(r) denote the involution defined by 7 ^ '^(x(7))7~"'^- It is an immediate 
consequence of Lemma l3.2l that the action of u;^ on DMZp is C'^(F)-semilinear with respect to l^, i.e. 

wsixiz)) = isWiwsiz)), X€Og{r), zGDmz;. (3.3) 

Let r] G ^(L). 

Proposition 3.3. i§'^{rf) Kl Z^ is a free S'~^{T) -module of rank 1. Furthermore, we have 

^+(r/)KZ^ =^+(F)<8)^+(r)<f+(r/)KZ^, ^t(^)^^x = ^t(r) ^ . 

As a consequence, ^^{rj) M Z^ is stable under ws- 
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Proof. It suffices to treat the case rj = 1. By [TTl Lemme V.1.16], (f^ Kl is a free T(r)-module of 
rank 1 generated by 1 + T. By [H B.2.8], ^+ K is a free =^+(r)-module also generated by 1 + T. 
We thus deduce that c^+MZ^ = (^t)^=o p (^+)V'=o ^ free +(r)-module generated by 1 + T. The 
last assertion follows by (13.3P and the fact that (f + Kl is stable under ws- □ 

3.2 Construction of the correspondence 

We define 

D = = {zi, Z2) e D X D \ Res^x (2:2) = ^^(Res^x {zi))'j , 

and we equip KI5 with the subspace topology of D x D. 

Proposition 3.4. There exists a unique continuous action of GL2(Qp) on D Ms satisfying the 
following conditions: 

(i) w{zi,Z2) = {z2,zi); 

(ii) ifaeQp, then ['^qI]{zi, Z2) = {5{a)zi,6{a)z2); 

(iii) ifaeZp, then [o°] (^^i, 2=2) = (cra(zi), (5(a)o-„-i (^2)); 

(iv) i/z = izi,Z2) and if z' = then ReSpZpZ' = (p{zi) and Reszp{wz') = 5{p)'ilj{z2) ; 

(v) for b € pZ^p, if z = (2:1,2:2) and if z' = [^^^jz, then Resz^z' = [q\]zi and ReSpip{wz') = 
Ub(ReSpZp{z2)) , where 

I A\rl-ll r(l + 6)-n(l + fe)-i-| rll/(l + 6)l 

Proof. It is easy to see that the matrices given in the proposition generate GL2(Qp). This implies the 
uniqueness. The existence follows by [111 Proposition II. 1.8]. (Its proof applies to our more general 
situation.) □ 

We extend {-,•}:£> x D ^ L to a pairing {•, - jpi : {D Ms-i P^) x {D Ms P^) ^ L by setting 

{(^1,22), (4'4)}pi = {zi,z'i} + {ReSpZp{z2),ReSpZp{z2)}. (3.4) 

Proposition 3.5. The pairing {•, -jpi : {D Ms-i P^) x {D Ms P^) L is perfect and GL2(Qp)- 
equivariant. 

Proof. This follows immediately from |1H Theoreme II.3.1]. □ 

Now Let D be of rank two. Then det D is of the form 0^(5^) or for some 5^ G ^{L)- Let 

5d = e~^<Jz)i and we denote ws^, D Ms^ P^ by W£)., DMR^ for simplicity. For z = {zi, Z2) ^ DM P^, 
set ResZp(2i, 2:2) = zi. We then define 

D^MR^ = {zeDMR^ I ResZp{Y'l\]z) G D\Vn G N}. 



9 



Theorem 3.6. ( Ull Theoreme II. 3. If) Let D be an irreducible rank 2 etale {lp,T) -module over 
Then the following hold: 

(i) The suhmodule K of is stable under the action of GL2(Qp). 

(ii) The quotient Gl^2{%) -representation Yl{D) = DM F^/D^ M P^ is an object o/ Rep0^GL2(Qp), 
and has central character Sd- The continuous Gh2{Qp) -representation M F^ is naturally 
isomorphic to Ii{D)* ® 5d- Hence we have the following exact sequence 

— > n(L>)* ®5d — > DMF^ — > n(L>) — > 0. 

Note that D = D{5f^) because D is of rank two. Hence Ii{D)* (g) Sd is isomorphic to 

{Il{b)®5D)* ®6D = ^{b)*. 

Corollary 3.7. If D is an irreducible etale {ip,T)-module of rank 2 over then M P^ is stable 
under the GL2{Qp)- action and the quotient representation Il{D) = D /D''^ MP^ is an admissible 
unitary representation o/GL2(Qp). Moreover, MP^ is naturally isomorphic to the contragredient 
representation 11(D)* . 

3.3 Locally analytic vectors 

Now suppose D is a twist of an irreducible rank 2 etale {<p, r)-module over (o. The following proposition 
follows immediately from Lemme V.2.4]). 

Proposition 3.8. D^ Kl is stable under the action ofwo- 

By [m Theoreme V.1.12(iii)], we have A-ig ^ Z^ = ^(P) ®^t(r) (^^ ^ )• Then for A = 
■^(r/), * = 5, or A = -Drigi * = ^D, we extend the w^-action to A Kl by setting 

w^{\ 2;) = i*(A) (g) w^,{z). 

For A = S'^{7]),Sg'^{ri),Sg{ri),* = 5, or A = D'^,Dng,* = 6d, we set 

A P^ = {(zi,Z2) e A X A,Res2x(z2) = w^{Res^x{zi))}, 

and we equip A Kl* P^ with the subspace topology of A x A. Henceforth we denote D"^ Kl^^ P^, 
Aig ^Sd by L»t ^ pi^ D^.^ ^ pi for simphcity 

By Proposition 13.41 it is clear that both S"^ {ri)MsP^ and D^MP^ are stable under GL2(Qp). Since 
D^ is dense in D^-ig for any r)-module D over (o, we extend the GL2(Qp)-actions on (S'^{r]) Ms P^ 
and D^ Kl P"^ to continuous GL2(Qp)-actions on ^(r/) IEI5 P^ and D^ig M P^ which satisfy the formulas 
listed in Proposition 13.41 by continuity. This yields the following proposition. 

Proposition 3.9. There exists a unique continuous action of GL2(Qp) on A P^ satisfying the 
formulas listed in Proposition \3.4\ 

For A = ^{t]), * = (5, or a = A-ig, * = <5d, we set the pairing {•, - jpi : A Kl^-i P^ x A Kl* P^ ^ L 
by formula (|3.4p . 
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Proposition 3.10. The pairing {■, ■}pi : AKl^-iP^ x AKl^P-"^ L is perfect and GL2{Qp)-equivariant. 

Proof. The restriction of {•, - jpi on t(^) ^^^^ pi x ^t(,^) pi or MF^ x M is GL2(Qp)- 
equivariant by Proposition l3.5[ Hence {•, - jpi itself is GL2(Qp)-equivariant by the density of S"^ {r])^sP^ 
or Kl P^. The perfectness of {•, - jpi follows from the perfectness of {•, •} on A x A and A Mp1,p x 
AMpZp. □ 

If D is etale, it follows by [HI Corollaire II.7.2] that D'^ C D^; hence we may view f as 

a submodule of D^g M P^ Colmez shows that the inclusion 11(D)* = D'^MP'^ C Aig ^ extends 
naturally to a GL2(Qp)-equivariant embedding (n(Z))an)* ^ -Di-ig^P^j and he further shows that the 
image of this embedding, which is denoted by Kl P^, is the orthogonal complement of Kl P^ 
under the pairing {•, - jpi : Aig ^ P^ x D^g MF^ ^ L ([H Remarque V.2.21(ii)]). The following 
proposition is the key ingredient for our determination of locally analytic vectors of unitary principal 
series. 

Proposition 3.11. Remarque V.2.21(i)]) D^-^^MV^ and D^^M'P'^ are orthogonal complements 

of each other under the pairing {•, - jpi : Aig K P^ X L>rig K P^ ^ L. 



4 Unitary principal series and 2-dimensional trianguline represen- 
tations 

4.1 2-dimensional irreducible trianguline representations 

A r)-module over M is called triangulable if it is a successive extensions of rank 1 r)-modules 
over an L-linear representation V of Gq^ is called trianguline if Dj-ig{V) is triangulable. 

Proposition 4.1. ([^ Proposition 3. If) If D is a rank 1 {(p,T)-module over then there exists a 
unique 5 G '!^{L) such that D is isomorphic to M{5). 

It follows that if y is a 2-dimensional irreducible trianguline representation, then Drig(y) sits in 
a short exact sequence 

— > ^{6i) ^T),ig{V) ^ ^{82) (4.1) 

for some 81,82 € ^{L)- Furthermore, we have that (j4.ip is non-split by Kedlaya's slope theory. 
Therefore V is uniquely determined by the triple {8i,82tc) where 

c G Proj(Extn^(<^2),^('5i))) = Proj(lfi(^((5i(5^^))) 

is the element representing the extension ()4.ip . Let 

SS = {{8i,82,c)\5i G ^{L),ceY>To]{H\^{8i5^^)))} 

be the set of all such triples; then each element of SS naturally defines a rank 2 triangulable {ip, T)- 
module: the non-split extension oi I%[82) by M{5i) defined by c. In the rest of this section we assume 
p> 2. The following calculation is due to Colmez. 
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Proposition 4.2. ([^ Theoreme 2.9]) 

(i) If 5 = x-^ or x'^+Vl for A; G N, then diniL = 2. 

(a) Otherwise, dim2,(^((5)) = 1. 

Colmez further specifies an exphcit basis of H^{^{6)) in case (i), and identifies Pioi{H^{^{6))) with 
P^{L) via this basis. By this identification, we may write any s E SS as s = (61,62,^) where 
^ G P^{L) if 5i52^ = or for some A; G N, or ^ = 00 otherwise. Let D{s) denote the rank 

2 triangulable (99, r)-module defined by s. We set s G SS to be the triple {61, 62,^) = eS^^ ,^). 

Then D(s) is isomorphic to D(s) under Colmez's identification. 
Let 55** be the set of all s = {61, 62,^) G 55 such that 

VpiSiip)) + Vp{62{p)) = 0, vp{5iip)) > 0. 

For s G 55*, set u{s) = Vp{6i{p)) = —Vp{52{p)),w{s) = w{5i) — 10(62), Ss = 6162^ {x\x\)~^ , and we 
define 

55^^ _ |g g gc;^ I ijj(^g) is not a positive integer }, 
55^"** = {s G 55* I is a positive integer ,m(s) < w{s),J:f = 00}, 
55** = {s G 55* I is a positive integer ,u(s) < w{s),^ 7^ 00}, 

and 55i„ = 55* § U '55^^^ U SSf. Note that if s G 55f , we must have <5, = x^~^ for some A; G Z+. 

Proposition 4.3. ((7|, Proposition 5.5,5.7/) If s & SSi„, then D{s) is etale, and the corresponding 
L-linear representation, which we denote by V{s), is irreducible. Conversely, every 2 -dimensional 
irreducible trianguline representation is isomorphic to V{s) for some s G 55irr- Moreover, for 
s = (5i,52,^),s' = ((^'1,(^2.^0 € 55i„, if 61 = 5[, then V{s) ^ V{s') if and only if 62 = 5'^ and 
^ = ifbi / b'^, then V{s) ^ V{s') if and only ifs,s' G 55*="" and 5[ = x'"^'^62, d'2 = x^^'W^^i. 

We call s G 55irr exceptional if s G 55™ and V{s) is not Frobenius semi-simple; this is equivalent 
to Ss = x''~^\x\^^ for some k G Z-|_. 

4.2 Unitary principal series 

Throughout this subsection, let s = {61, 82,.^) G 55irr. Let '^''{P^{6)) be the L-vector space of 
functions f : Qp ^ L such that <5(x)/(1/x)|qp_{o} extends to a ^"-function on Qp. In other words, 
'^"('^)(P^(5s)) is the L-vector space of functions / : Qp — ?■ L satisfying: 

• /Izp is of class <r"("). 

• <5s(-z)/(l/z)|zp_{o} extends to a ^"(^^ -function on Zp. 
We thus have an isomorphism 

^"(^)(pi(<5,)) 'r"W(Zp,L) ©^"W(Zp,L), / ^ (/i,/2) 

where = f{pz) and /2 is the extension of 6s{z)f{l/z). By this isomorphism, we may equip 

^«(^)(pi(j^^) with a Banach space structure by defining 

Il/ll =max( ||/l||<:^u(s), ||/2||<:^u(») )• 
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We define a GL2(Qp)-representation B{s) on '^"('^)(pi((5s)) by 

([cd] = '52(ad-6c)(5s(-cx + a)/ (^^^^) ; 

then B{s) is a Banach space representation. We define a subspace M{s) of as below: 

• If 5s 7^ for any /c € N, we define M(s) to be tlie subspace generated by {x*|0 < i < u{s)} and 
{{x - a)~*(5s(x - a)\a e Qp,0 < i < u{s)}. 

• If 5s = x^~^ for some k € let M(s)' be the space of functions of the form 

/ = ^ A„(x - Ou)-'" log_5^(x - Ou) 

where C/ is a finite set, j„ are integers between [^^] and A;, € L and € Qp such that 
deg(X]uG;7 -^"(^ ~ Q^n)-'") < ^t('S). By [5l Lemme 3.3.2 ], M(s)' is a subspace of -B(s). We define 
M{s) to be the subspace generated by M(s)' and for < i < A; — 1. 

An easy computation shows that M(s) is stable under GL2(Qp) in both cases. We set n(s) = 
B{s)/M{s) where M{s) is the closure of M(s) in B{s). 

Let denote (D(l/(s)))'' for simplicity. We fix a standard basis 62 of ^(52)- For any 

z G D^(s) M P^, suppose the image of ResZp([^Q ^i]^) ■^('^2) is z!p^e2- The following theorem 
follows by dH Theoreme IV.4.12]. 

Theorem 4.4. For s G SSi„ non- exceptional and z G D\s) KI P^, i/iere exists fiz G ^u(s)(Qp) s^^c/i 

Furthermore, the map z i-^ fiz is a GL2{Qp) -equivariant topological isomorphism from D\s) MP^ to 
Uis)*. 

We denote the converse of this isomorphism by 

5 Locally analytic principal series and rank 1 {ip, r)-modules 
5.1 Locally analytic principal series 

For any 6 G ^{L), we denote by LA(P"'^(5)) the L- vector space of locally analytic functions / : Qp L 
such that 5(x)/(1/x)|qp_|o} extends to a locally analytic function on Qp. As in the case of '^"(P^((5)), 
for any / G LA(P-'^((5)), if we set fiipz) = f\pZp and /2 to be the extension of Ss{x) f {I / x)\xp-{o} , then 
the map f ^ fi® f2 induces an isomorphism from LA(P"^(5)) = LA(Zp,L) © LA(Zp,L). We then 
equip LA(P^(5)) with the topology induced from LA(Zp, L) © LA(Zp, L). 

For any pair ((5i,(52) G '"^{L) x -^(L), let T,{5i,52) denote the locally analytic parabolic induction 

^Indg|^^^'''*52 'S' 5ie~^^ = {locally analytic functions F : GL2(Qp) — ?> L such 

that F{bg) = {62 6ie'^){b)F{g) for aU b G B(Qp)}, 
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which is equipped with the left GL2(Qp)-action {gF){g') = F{g'g) for any g,g' € GL2(Qp). Put 
5 = 5i62^e~^. We may identify the underlying topological space of S((5i,(52) with LA(P^((5)) by the 
map 

F^f{x) ■■=F{['_^1]) 

for any F G S((5i,(52). In addition, the corresponding GL2(Qp)-action on LA(P^((5)) is given by the 
formula 

([:\]- f) (-) = - bc)5{-cx + a)f (^^) ■ (5-1) 

If A: = w{6iS^^) = w{5) + 1 is a positive integer, then the k-th. differential map 

h : LA{F\5)) ^ LA(PHx-2*^5)), f{x) ^ 

induces an intertwining between S((5i,52) and T,[x~^6i, x^62)- The kernel of 1^, which consists of 
locally polynomial functions of degree < /c — 1, is isomorphic to 



{62 o det) Sym'^-iL^ ^ Ind^J J^^J^^^ (1 {x-''+^6)%m (5.2) 

as a locally analytic representation. Moreover, if 5 = x^~^, the L- vector subspace generated by 
{x*|0 < i < k — 1} is GL2(Qp)-invariant, and is isomorphic to {62 o det) (S> Sym'^~"^L^ as a GL2(Qp)- 
representation. The quotient of ker 7^ by this subspace is isomorphic to (^2 o det) (S> Sym'^~^L^ (g) St. 
We define 

•^(^^ J _ I 5]((5i, (52)/(52 o det) (g) Sym'^'-^L^ if 5 = x'^"^ for some integer A; > 1; 
' I S((5i,(52) otherwise. 



The following proposition, which follows by the main results of |21] . [20j . determines the Jordan-Holder 
series of S((5i, ^2). 

Proposition 5.1. With notations as above, the following are true. 

(i) If w{5) ^ N, then Il((5i,(52) = S((5i,(52) is a topological irreducible locally analytic representation 
ofGU{%). 

(a) Ifw{5) G N and 6 7^ x'^"^, then is surjective, and Tj{6i,d2) = J2) is a non-split extension 
off.{x-^5i,x^52) by {52odet)®^ym^-^ L"^ (^lnd^^^^^''\m{x-^+^6)\m, and both ^{x-^6i,x^62) 
and {82 o det) (g Sym'^~"'^L^ ® Indg|^*-^*'^(1 (g) (x~'^"'"^(5))sm are topological irreducible. 

(Hi) If 6 = x^~^ for some integer k > 1, then T,{6i,62) is a non-split extension of T,{x~^ 61^x^62) by 
((52odet)(8)Sym''~^L2(8)St, and bothT.{x~^5i,x^52) and ((52odet)(g)Sym'^~^L^(g)St are topological 
irreducible. 
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5.2 t{r]-h,5-^7])* ^ ^+{r])msF^ 

For any 61,62 € ^{L), let GL2(Qp) acts on S(Ji,52)* by the formula {f,g ■ ^) = {g~^ ■ /, /i) for any 
/ G S(5i,52), G S(5i,52)* and g G GL2(Qp). Thus by (5.1), we have 

{wf){x)=r^{-l)6^~\x)f{l/x) 

for any / G S(r/~^e, 5~^?/). Therefore, by the description of LA(P^((5)) given in §5.1, we see that the 
map n I— >• ilJ-lzp , w is a homeomorphism from Ti{r]~^e, 6~^r])* to 



{(^1,^2) G ^(Zp,L)e^(Zp,L)| / /(x)^2= / r/(-l)(577-2)(x)/(l/x)/ii}. 



(5.4) 



where the latter object is equipped with the subspace topology of ^(Zp, L) © ^(Zp, L). 
We fix a standard basis G (^'"^(j?). 

Lemma 5.2. £/ (wiJ.\^x ) ® = ws{£^ (^Iz^ ) ® ^'y) /'^'^ '^"'^ ^ ^(^"""^£1 J""^?])* 

Proo/. The case .{/(/il^x) G + K follows directly from ([22]) and dED- Since S"-^ is dense in 

we deduce the case ^ (^l^x ) £ ^ ^p by the continuity of w and i/. We then conclude the general 

case by Proposition 13. 3i □ 

As a consequence, £/s,ri{^J') = {-^(plzp) ® ^ri, ■s^{wfJ'\zp) "S) e^^) is an element of ^^{r]) Ms P^. 

Proposition 5.3. The map £/s,r] '■ 5](??~^e, 6~^7])* — ?> {r])MsI'^ is a GLi2{Qp) -equivariant topological 
isomorphism. 

Proof. By the description of T,{rj~^e, 6~^r])* given in ()5.4p . one sees easily that =2^ 5 is an embedding. 
On the other hand, for any z = (zi (g) e^,Z2 (8 e^) G ^"""(t?) IEI5 P-^, if we put /i = £/~^{zi) + 
u)J2/~-^(ReSpZp(//2)), then s^/^^sip) = -Z- Hence ^2^^^^^ is a topological isomorphism. 
To prove that s^r),5 is GL2(Qp)-equivariant, we only need to show 

s^v^sia ■ fJ-) = 9 ■ -^v.sil^) (5-5) 

for (1)9= [JJ]; (2) 5= [o!],«eQp"; (S) g a eZ-; (4) g = [^'j; (5) 5 = [J J] , 6 G pZp. 

Case (1) is trivial. Both T,{r]~'^e,6~^r])* and ^~^{r]) Ms P^ have central characters 6; this proves 
(2). For any a G Z^ , we have 



/(^)([oi])/^)= / (["0 i]/(^))/^= / Via-')fiax)f,= / /(x)(r/(a-i)(a,(/.))); 
this yields (3). For case (4), we have 

J vZijj 

ri{p)f{px)fi 

f{x){r]{p)ip{ii\zp)), 
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yielding [o°]/^|pZp = ^/(p)v(At|zJ- This implies 

ReSpZp(^5,,,([o°]^)) = "PC^^s^pi-^sM))- (5.6) 
A similar computation shows that 



(5.7) 



This proves (4). 

For case (5), first note that 



This implies 

■^iC]f^\u)=C]^{f^\u) (5.8) 
for any b' & U CI Zp. Hence ResZp(=e^5,r;( [qi] A*)) = [oi]-^^^^p(''^5,'?(/^))- remains to check that 

ReSpZj,i£^5,r,{w[l\]fJ-)) = Ub{ReSpZp{£/5,ri{wfl))), (5.9) 

where 

X^^ , nfl-ll r(l + 6)-2 6(l + 6)-il rll/(l + 6)i 

By (15. Sp . Lemma 15.21 and case (2), 

n,(Res,z, (=^.,,(-/.))) = Res,., (^,,,(<5(1 + 6) [ J ] [ 

= ReSpZp(=e/5,r,(['JI,]/^)) 

= ReSpZp(=2^5,7?(u^[JJ]M))- 

This proves (5.12). □ 



6 Determination of locally analytic vectors 
6.1 S(s) and Emerton's conjecture 

We first recall the locally analytic representation S(A;, Jf) of GL2(Qp) which is originally constructed 
by Breuil (in the case ^ ^ oo). We refer the reader to [H 2.1] and \13\ 5.1] for more details. Fix an 
integer k > 2. Given ^ G P^{L), let cT(=Sf) denote the representation of B(Qp) on = Lei © Le2 
defined by [g^] = ^Ij [q^] ^2 = ei + (log^a — \og^d)e2- One thus has a non-split extension 

— >1 — > o-(^) — ^ 1 — >0. (6.1) 
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We put a{k,^) = cr(^) (g)Xfc where Xk '■ B(Qp) — ^ is the character [|^^] i-> |a(i| ''a^ d'^ ^. Twisting 
()6.ip by Xfcj and then taking locahy analytic parabohc induction, one obtains an exact sequence of 
locahy analytic representations 

i^^^Q^XkU {Ind^'^^f^aik, ^ 0. (6.2) 

fc-2 i._9i fc — 2 GLofO ) N ~/ t — 1 I fc-2 fc-2 

Note that Xfe = fI ^ ^a; |x| 2 . Thus (Indg^Q^J^*' Xfcjan = ^^(x'^ ^|x|2,|2;| 2 ) which has 2 o 
det) ® Sym'^-^L^ subrepresentation following the discussion above. We define 

= s^{{\x\'^ o det) ® Sym'="2L2)/(|^|^ o det) ® Sym^-'^L^. (6.3) 

One thus has an extension of locally analytic representations 

— > S(x'=-Vli kl^) — > S(/c,^) — y {\x\'^ o det) (g) Sym'^-^L^ — > (6.4) 

From now on, let s = {5i, 82,-^) £ 'S'5'irr- We define 

{2 — fc 
T,{k + 1,^) ® {{S2\x\^~) o det) if w{s) = k is a positive integer and Ss = x^~^; 
^{81,82) otherwise. 

It follows that in the first case S(s) sits in the exact sequence 

^{61,62) — > S(s) — y {62 o det) ® Sym^-^L^ 0. (6.6) 

Following [H 2.2], we now give a geometric model of S(s) in the first case. Let hA(P^{x^~^,^)) 
be the space of locally analytic functions H on Qp with values in L such that 

+00 

H{z) = z'~\Y. ^) + ^(^) (6.7) 

n=0 

for l^;] ^ 0, where o„ € L, P{z) is a polynomial of degree < A; — 1 with coefficients in L. Let GL2(Qp) 
act on this space by 



, dz — b \ \ ^ f dz — b \ , ( ad — be 



Note that LA(P^(2;'^ ^)) is exactly the subspace consisting of functions H with P = in the expression 
(j6.7p . An easy computation shows that the L- vector subspace generated by x*, < i < — 1, is 



GL2(Qp)-invariant. We define C{x'' ^,^) to be the quotient of LA(P^(x'' \-Sf)) by this subspace. 



It turns out that the resulting representation of GL2(Qp) on C(x ,^) is topologically isomorphic 
to S(s), and the natural map LA(P-'^(x'^~^)) — > C{x''~^,^) gives rise the inclusion T,{6i,62) S(s). 
We denote by C{x'^~^) the image of the map LA(pi(x^~i)) C{x^^^,^). Then the quotient 
C {x^~'^ , ^) / C {x^'^) is a fc-dimensional L-vector space spanned by '\^d{oo,i) ' x" log^rr, < n < A; — 1 
which is isomorphic to {62 o det) ® Sym'^"^^^. By this geometric model, one can show that (cf. [H 
Lemme 2.4.2]) (^2 o det) ® Sym'^'^L^ St (resp. (^2 o det) (g) Sym'^'^L^) is the only topologically 
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irreducible subrepresentation (resp. quotient representation) of S(s). In particular, the extension 
(j6.6p is non-split. 

Although it is known to experts that there is a natural morphism n(s) which realizes 

n(s) as the universal completion of we can not find a reference for this result. For our purpose, 
we rephrase the work of Breuil and Emerton in the following proposition to construct the desired 
morphism. We first note that the natural inclusion LA(P^((5s)) C 'tf^^'^\P^{6s)) induces a GL2(Qp)- 
equivariant continuous map 

Ls ■.^{61,62) ^U{S), f^f. 

Proposition 6.1. For s G SSirr non- exceptional, the GIj2{Qp) -equivariant continuous map is ■ 
^('^1)^2) n(s) induces an injection ig : S((5i,(52) — )• n(s). Moreover, in the case when 5s = x^~^ 
for some positive integer k, the map Ls : T,{6i,52) — >■ n(s) extends naturally to an infective map 
is ■ — )> n(s) which is continuous and GL2{Qp) -equivariant. 

Proof. If 6s = x*^"^, since the subrepresentation {62 o det) (8) Sym''~^L^, which consists of polynomials 
of degree < /c — 1, is contained in M(s), is induces a map T,{5i,52) — > II(s). The injectivity of is on 
'^{^1,^2) is proved by Emerton in \13\ Lemma 6.7.2]. We rewrite his proof in our set up as below for 
the reader's convenience. 

We first have that is{T,{5i,52)) is dense in n(s) since LA(P^((5<j)) is dense in '^'^^^\F^{5s))- Hence 
is is nonzero because n(s) 7^ by Theorem 14.41 If w{5s) ^ N, S2) is topologically irreducible by 
Proposition 15.11 Thus is is either injective or zero. It therefore follows that is must be injective. 

In case w{5s) S N, we put k = w{s) = w{6s) + 1. We see from Proposition 15. II that all the proper 
admissible subrepresentations of S((5i , 62) are contained in the image of ker (7^) . Thus it reduces to show 
that is is injective on the image of ker(Ifc). Note that k = w{s) > u{s). Therefore Lp[0'^-^l(Zp, L), the 
space of locally polynomial functions of degree < k — 1 on Zp, is dense in L) by the classical 

theorem of Amice- Velu and Vishik. We thus deduce that is(ker(/fc)) is dense in n(s). It follows that 
ts(ker(/fc)) is infinite dimensional because n(s) is infinite dimensional. If 6s 7^ x^~^, the only possible 
nontrivial quotient of ker(/fc) is the finite dimensional representation (52|a^| ""^ ° det) Sym*^~^L^). 
Hence is must be injective on ker(/fc) in this case. If 6s = note that the image of ker(/fc) in 

^(^15^2)) which is isomorphic to {62 o det) <S) Sym''"^L^, is irreducible. It follows that is is injective on 
the image of ker(/fc) as well. 

Now suppose 6s = x^~^. The extension of is to S(s) is actually due to Breuil who identifies n(s) 
with the universal unitary completion of S(s) and shows that the natural map S(s) n(s) is injective 
as long as n(s) 7^ ([H Proposition 4.3.5], [5l Corollaire 3.3.4]). We briefiy recall his construction 
of the natural map S(s) — ?• H(s) as below. One easily sees that Breuil's map extends is- For any 
< i < k — 1, and 

h{x) = ^ Xu{x - auy^" log^(x - On) 

where f7 is a finite set, are integers between [^^] and k — 1, G L, € Qp such that 
deg(X^„g[/ A„(a; — a^)-'" + x^) < u{s), it follows from [5l Lemme 3.3.2] that li{x) + x"^ log^{x)l£)(^^ n) ^ 
<^«(«)(pi(5^)) for n G Z. We thus define 

/ x'\ogj^{x)n{x) = (/i(x) -hxMogj^>(x)l£,(oo,n))M(a;) 

JD[oo,n) JP^iQp) 
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for any // S n(s)*; this is independent of the choice of li{x) because the difference of any such two I'^s 
lies in M{sy which is killed by /u. By this way, we extend to an element of C(6s,^)* . This yields 
a continuous GL2(Qp)-equivariant morphism n(s)* — >■ Taking dual of this morphism, we get 

Breuil's map n(s). □ 

We are now in the position to reformulate Emerton's conjecture for non-exceptional s. Note that 
is(E(s)) C n(s)an since is a locally analytic representation. 

Conjecture 6.2. For s € SSi^r non- exceptional, the cokernel of the inclusion ts : S(s) — t- n(s)an is 
isomorphic to T,{62,Si) as locally analytic Gh2{Qp) -representations. Thus the space of locally analytic 
vectors n(s)an sits in a short exact sequence of locally analytic GL2{Qp) -representations 

n(s)an ^{62,Sl) 0. (6.8) 

Remark 6.3. Emerton shows that if the above conjecture is true, then the extension (|6.8p must be 
non-split ([13]). 

In the case when s € SS^^^^, there is a more explicit description of n(s)an which is due to 
Breuil. Recall that D{s) is isomor phic to D{s') for s' = {x'"^'^62,x-'"^'^6i ,^). We thus obtain a 
morphism ^{{x'"^'''>62,x''"'^''^6i) n(s')an = n(s)an- On the other hand, if a,/3 : are 
smooth characters such that |a(p)| < |/3(p)|, there is an intertwining from Indg^Q^^^^(Qi /^|^| ^)sm 
to Indg|j^*'^''^(/3 (8> a|x|~"'^)sm, yielding an intertwining from Sym^'~"'^L^ (E) lnd^^Q^^\a (E> l3\x\~^)sm to 
Sym'^~"^L^ (g) Indg|^^^^''(/3 a|x|~^)sm- It thus follows that if we set S((^i, (^2)iaig to be the image of 
kerlfc in T,{6i,52), then there exists an intertwining between 5]((5i, (52)iaig and T,{x^^^^52,x~'^^'^^6i)\3,ig 
which is always injective (but the direction can be either way). We therefore get a morphism 

S(<5i, 52) e S(a;-(^)52, x^^'^Ji) ^ n(s)an (6.9) 

where © denotes the amalgamated sum of two summands over the intertwining between 5]((5i, (52)iaig 
and S(x"'W<52,x-"'W(5i)iaig. 

Conjecture 6.4. (0, Conjectures 4-4-^: 5.5.7/) For s € 5*5™ non- exceptional, i6.9\) is a topological 
isomorphism. 

Proposition 6.5. For s G 55™ non- exceptional, Emerton's conjecture is equivalent to Breuil's 
conjecture. 

Proof. The generic case that V{s) does not admit an ^-invariant (this is equivalent to 6s 7^ 
I ^) is already proved in |13l 6.7.5]. We now prove the remaining cases. The 
injectivity of (|6.9|) is already ensured by [3 Corollaires 5.3.6, 5.4.3]. It reduces to show that 
T.{5u52) ® S(x'"W(^2,x-'"(")<5i) and S(s) © S(52,5i) have same constitutes. If 5^ = 
then S(s) = T.{5i,52) and the intertwining is i;(x"'(*)<52, ^-"'(^^^Oiaig ^ S(<5i, <52)iaig- Therefore 

(S(5i,52) © S(rE"'W52,rE-'"(^)5i)) /S(s) = S(x'"(^)(52,x-'"(^)<5i)/S(x'"(^)52,:E-'"W(5i)iaig ^ 
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by Proposition 15.11 If 5s = x"'^*) ^, the intertwining is (52)iaig — T.{x'^^'''^62,x '^^^^di)ia\g and the 
quotient is isomorphic to {62 o det) ® Sym"''^^''~"'^L^. Thus 

is an extension of S(x'"(^)<52,x-"'(")(^i)/S(x'"(^)(^2,a;-'"(')<5i)iaig = ^(62,61) by (<52«)det)j8)Sym"'(")-iL2. 
We thus obtain that ^2) © i;(x"'(^)52, a;"'^^'')^!) has same constitutes with E(s)eS(52, 5i) in both 
cases. □ 

6.2 An exact sequence 

From now on, we suppose p > 2. Recall that for any s = {61, 62,^) € SSi^r, there is an exact sequence 

M{6i) D{s) A ^{62) 0. 

For i = 1,2, we denote =6/5^,5., =^+((5i)K5^P\ =^((50^5,?^ hy £/i,:^+{6i)MF^,^{6i)MP^ for simplicity. 
Recall that £/s ■ n(s)* D\s) M is the topological GL2(Qp)-equivariant isomorphism given by 
Theorem lOl 

Proposition 6.6. If s is non- exceptional, then the GL2{'Qp)-equivariant morphism 

^2^2 o 4 o : D\s) K P^ ^ ^^{62) K P^ 
satisfies £/2 o 4 o £/~^{{z, z')) = {j{z),j{z')) for any {z,z') G D\s)mF^. 

Proof. Suppose the images of z,z' in ^{62) are ^2621 -32^2 where 62 is the standard basis of ^{52) 
fixed in §4.2. Suppose {{z , z')) = fi. Then by the definition of £/s, we see that £^{fJ-\zp) = 
Z2,£^{wn\zp) = 4- Hence ^2/20^*0 .<^~^{{z, z')) = {z2 ® 62,4 ^2) = {j{z), j{z')). □ 

Corollary 6.7. //s is non- exceptional, then j{wD{x)) = ws^{j{x)) for any x € D{s) Kl . 

Proof. If X G (1 — v3)L>(s)^^-'^, by the proof of [IT], Proposition V.2.1], there exists z = (zi,Z2) G 
Z)''(s) Kl P-^ such that Res^xZi = x. Since j commutes with Res^x and {j (zi) , j {Z2)) G ^~^{52) Kl P^, 
we get 

ws.Ui^)) = ws.ijiRes^x (zi))) = '^^^(Res^x {j{zi))) = Res^x {j{z2)) = jCRes^^ (22)) = j{wD{x)). 

By dH Corollaire V.1.13], L'(s)KZ^ is generated by {1- ip)D{s)'^'='^ as an ^(r)-module. We conclude 
the corollary by the case x G (1 — ip)D[s)^^^ and the fact that both W£),ws^ are ^(r)-antilinear. □ 

Proposition 6.8. The maps 

ipi : ^(<5i) MF^^ D{s) M F\ (21,^2) ^ ^(^2)) 

jpi ■.D{s)MF^^Sg{62)MF\ {zi,Z2)^{j{zi)J{z2)) 

are well-defined morphisms of continuous GL2{Qp) -representations. Moreover, we have the short exact 
sequence 

^{61) MF^ ^ D{s) MF^ ^ ^{62) MF^ ^0. (6.10) 
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Proof. By Propositions [331 EH the GL2(Qp)-actions on ^(<5i) KP\^((52) ^P^ and D{s)mF^ satisfy 
the same set of formulas. It thus follows that Zpi, jpi are GL2(Qp)-equivariant as long as they are well- 
defined. In general, the formula (13. ip of wd is not convergent on Kl . Hence the well-defineness 
of ipi and jpi are not obvious from their definitions. 

The well-defineness of jpi follows from Corollary 16.71 To show that ipi is well-defined, we use the 
pairing {•, •}. First note that i : M(b\) — )• -D(s) is dual to j : D{s) — > S^{5i) with respect to (•, •). It 
therefore follows that i : M{5i) MZ^ ^ D{s) M is the dual of j : D{s) MZ^ ^ M{5i) M Z^ with 
respect to (•, •). Hence i : ^{6i) MZ^ ^ D{s) K Z^ is the dual of j : D{s) MZ^ M{5i) ^ with 
respect to {•,•}. Since {•,•} is w-invariant and we have already proved that j commutes with w on 
i:'(s)KZ^, we thus deduce that i commutes with u; on ^((5i)KZ^. Hence ipi : ^{5i)MV^ D{s)MI>'^ 
is well-defined. 

For (j6.10p . the injectivity of ipi and the exactness at L'(s)KlP^ is obvious. To show the surjectivity 
of jpi, for any {z,z') € ^((52)KIP^, we pick y G D{s), y' € D{s)MpZp which lift 2;,ReSpZpZ' respectively. 
Then an easy computation shows that jpi{y,y' + ^^(Res^xy)) = {z,z'). This proves that jpi is 
surjective. □ 

Henceforthe we identify ^((5i) Kl P^ with a submodule of D{s) Kl P^ via ipi. 
6.3 Proof of Emerton's conjecture 

We prove Conjecture 16.21 for p > 2 in this subsection. From now on, let s £ SSi^ be non-exceptional. 
Since is a topological GL2(Qp)-equivariant isomorphism between the contragredient representation 
n(s)* and D\s) K1 P^, it induces an isomorphism 

between coadmissible D(GL2(Zp))-modules (H(s)an)* and D^^^{s) M P^, where D{GL2{Zp)) denotes 
the algebra of locally analytic distributions on GL2(Zp). 

Proposition 6.9. The diagram 

(n(^)an)* — DSig(.)KP^ (6.11) 

is commutative. As a consequence, we have jpi{D^[gis) M P^) = =2/2(^(52) ^i)*) 

Proof. Recall that for an admissible Banach space representation U of GL2(Qp), C/an is dense in U 
( [22l Theorem 7.1]); hence U* is dense in U*^. The diagram (j6.1ip commutes on H(s)* C (n(s)an)* 
following Proposition 16.61 We thus conclude the commutativity of (j6.1ip by the density of n(s)* in 

(n(s)an)*. It thus follows that jpi {D^^,^{s) M F^) = ^2(^K(n(s)an)*)) = ^2(^62,61)*). □ 

Lemma 6.10. I%~^{fi) Kl^-i P^ and Si~^{7]) P^ are orthogonal complements of each other under the 
pairing 
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Proof. It suffices to show that is the orthogonal complements of itself under the pairing {•, •} : 
^ X ^ ^ L. It is obvious that {^+,^+} = 0. On the other hand, if / = Eiez^i^^ ^ (■^"^)"^, then 
for any j G N, {a^i{T^), /} = a_j_i implies O-j-i = 0, yielding / G □ 

Lemma 6.11. jpi (L»Jjg(s)KlP^) C ^{62)^?^ and L»^jg(s)KlP^n^(52)KIP^ are orthogonal complements 
of each other under {•, -jpi : ^{82) ^ x ^(Jg) K P^ ^ L. 

Proof. By the constructions of ipi and jpi, one easily checks that i-pi : ^{62) Kl P^ — )• D{s) Kl P^ is 
dual to jpi : D{s) Kl P^ — ^{62) P^ with respect to {•, - jpi. Thus by Proposition 13.111 we deduce 
that 

{3p^{x),y}pi = {x,y}pi = 
for any x € D^-^^is) M P^ and y G D^-^^is) K P^ n ^{82) K P^ This proves ipi(DSig(s) M P^) C 

(z?;ig(s)Kpin^(4)KP^)^. 

On the other hand, since T,{5i,62) and 5]((5i,(52) are admissible locally analytic representations, 
'^{^1,62)* and S(5i,(52)* are coadmissible D(GL2(Zp))-modules. Therefore ^,{61,62)* is a closed 
subspace of S(<5i,4)* by [23 Lemma 3.6]. This implies that jpi(£>Sig(s) K P^) = i/2(S((fi, <52)*) 
is a closed subspace of ^"^((5i) Kl P^ by Proposition 16. 9t hence jpi(-Djjg(s) M P^) is Frechet complete 
with the subspace topology of ^{Si) M P^. By the open mapping theorem for Frechet type spaces 
f [M Proposition 8.8]), we deduce that jpi : £>rig(^) ^ ^ ipi(-Crig(s) ^ P^) is open. Therefore the 
quotient topology and the subspace topology on Jpi (-Djjg(s) M P^) coincide. 

Now for any x G (L>5ig(s) KP^ n^(4) KP^)-^ C ^(<52) KP\ we pick x G D(s) KP^ lifting x. The 
continuous linear functional f{y) = {5;,y}pi on d'^^^{s) M P^ induces a continuous linear functional / 
on jpi(D^jg(s) KIP^). Applying Hahn-Banach theorem for Frechet type spaces ([191 Corollary 9.4]), we 
extend / to a continuous linear functional on ^{Si)MP^ . Since the pairing ^{6i)MF^ x^{6i)MP^ — )• L 
is perfect, we may suppose that the extension of / is defined by some x' G Kl P^. It therefore 

follows that for any y G d\^{s) M P\ 

{x-x',y}pi ={x,y}pi - {x',ipi(y)}pi = /(jpi (y)) - {x', jpi (y)}pi =0, 

yielding x — G D^^gis) Kl P^. We thus conclude that x G ipi(-D5jg(s) M P^) because jpi{x — x') = x. 
This proves (D^-^is) MP^ n ^{62) ^ P^)^ Q Jpi(^rig(s) ^ P^)- □ 

Proposition 6.12. The following are true: 

(i) ifSs = x^^'^, where k is an integer > 2, then J%{di)MP^ n D^^^^{s)MP^ contains ^+{6i)MP^ as 
a closed subspace of codimension k, and jpi{D^ig{s) M P^) is a closed subspace of ^'^{62) Kl P^ 
of codimension k; 

(ii) otherwise, ^{61) K P^ n D^-^is) MP^ = ^+(5i) K P^ and jpi(£'Sig(s) ^ P^) = ^^{62) ^ P^ 

Proof. We prove (i) only. The proof of (ii) is similar. For (i), it follows from Proposition 16.91 that 
jpi(D^-g(s) KIP^) = £/2(T,{62,Si)*). Recall that S((52,5i) is a quotient of '£{82, Si) by a /c-dimensional 
subrepresentation. Hence S((52,(5i)* is a closed subspace of ^,{62, 61)* of codimension k, yielding that 
jpi{D^-{s) Kl P^) is a closed subspace of ■^'^{52) Kl P-*^ of codimension k. 
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On the other hand, as 

KP^ nDjig(s) KP^ = jpi(L'5ig(s)Spi)^ and ^+((5i)Kpi = K P^)^ 

by Lemmas 16.111 16.101 we deduce that M~^{6i) Kl P^ is a codimension k closed subspace of ^{6i) M 

Theorem 6.13. Conjecture 1 6. S\ is true for p > 2. 

Proof. By Proposition [OSl =^+(4) ^ P^ is contained in D^^^^{s) M P^ Let S be the locahy analytic 
representation such that S* is isomorphic to D^^^{s)^P^ / {62)^^^^ ■ Since ^~^{62)^P^ is isomorphic 
to S((52, Si)* , we thus have an exact sequence of locahy analytic L-representations of GL2(Qp) 

0^S^n(s)a„^S(52,<5i)^0. (6.12) 

If 6s is not of the form x''"^ for any /c G Z+, then S* = ^+((5i) K P^ by Proposition [6l2]jiil), which 
in turn is isomorphic to the dual of 62)- We thus have that S is isomorphic to ^2) = 
yielding (j6.8p in this case. Now suppose (5s = x'"'"^ for some integer A; > 1. Since S((52,(5i) is 
topologically irreducible, and it is not isomorphic to any topological irreducible subquotients of 
by Proposition 15. 1[ we deduce that L2ii-si^{s))) = 0. Hence Ls{T,{s)) C On the other hand, 

by Proposition 16.12] (jl]), we see that S* is an extension of T,{6i,52)* by a /c-dimensional L-vector 
space. Hence S contains ^,{61,62) as a subrepresentation of codimension k. Since E((5i,(52) is a 
subrepresentation of of codimension k as well, we conclude that is(S(s)) = □ 

Remark 6.14. As a consequence of Theorem 16 . 1 3 1 and Proposition 16.121 we see that in case 6s = x^~^ 
for some k G Z+, the dual of the quotient n(s)an/5^(<5i, 52)) which is an extension of ^,{62, 61) by 
{62 o det) (g) Sym'^-^L^, is isomorphic to ^{62) K P^ n L>Sig(^) ^ P^- 
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